
12 libxz oexzt (1) dwibel

.1

-end dxevdn φ′ ∈ Γ idz .(miirahd mixtqnd lr) divwecpi`a dgked (`)
ynzyp) b1, ..., bn ∈ N eidi .N |= φ′ ze`xdl epilr .dl`ya drit
-irahd ly mlerd ly ode miirahd ly lcend ly od oeniql N oniqa
:miiwzny xnelk zniiwzn φ′ weqtd ly `yixdy gipp .((laewnk) mi
.N |= ∀x(φ(x, b1, ..., bn) → φ(S(x), b1, ..., bn)) oke N |= φ(0, b1, ..., bn)
epizegpd itl .A = {k ∈ N : N |= φ(k, b1, ..., bn)} dveawa opeazp zrk
htyn itl okl (k ∈ A ⇒ k + 1 ∈ A-e 0 ∈ A) ziaihwecpi` dveaw ef
N |= ∀x(φ(x, b1, ..., bn)):miiwzn xnelk A = N (miiraha) divwecpi`d

.yxcpk N |= φ′-okle

N∪{a} enlery A dpana xnelk ,a ilnxet lai` i"r N ly dxyrda opeazp (a)
n +A a = :n ∈ N lkl :xicbpe ,(ii) 1 dl`y 11 libxz oexzt mb d`x)
n ∗A a = a ∗A n = a ∗A a = a :N 3 n ≥ 1 lkl ,a +A n = a +A a = a
`l a-e 0 eay zeneiqw`l lcen edfy e`ce .a+A 0 = a-e 0 ∗A a = 0 oke

.ltka mitlgzn

.iaxin xai` `ed a mcewd sirqa xcbedy lcena (b)

φ1 = φ1(x) = x + 0 ≈ 0 + :weqta eynzyd ziy`x .dgked zipaz (c)
,Γ-l lcena ik gikedl icka (eze` egqp) φ′1 ∈ Γ mi`znd weqtae x
zipiy .((c)-e (b) zeneiqw`a eynzyd) xai` lk mr xeaiga slgzn 0
mi`znd weqtae φ2 = φ2(x, y) = x + y ≈ y + x weqta eynzyd

.xeaiga mitlgzn mixai` bef lk ik gikedl ick φ′2 ∈ Γ

.2

(`)

.∃x1x2x3[
∧

1≤i<j≤3 xi 6≈ xj ∧ ∀y
∨

1≤i≤3 y ≈ xi] .i

.s =
(
x1,x2,x3
b1,b2,b3

)
xy`k ψ1 =

∧
1≤i 6=j≤3(f(xi) ≈ xj)val(A,s,f(xi)≈xj) .ii

.ψ2 =
∧

1≤i 6=j≤3(r(xi, xj)val(A,s,r(xi,xj) .iii

.ψ3 =
∧

1≤i≤3(xi ≈ c)val(A,s,xi≈c) .iv
:`ed yweand weqtd .v

∃x1x2x3[
∧

1≤i<j≤3 xi 6≈ xj ∧ ∀y
∨

1≤i≤3 y ≈ xi ∧ ψ1(x1, x2, x3) ∧
.ψ2(x1, x2, x3) ∧ ψ3(x1, x2, x3)]

-pet oniq lkl ψ1,f ze`gqep meyxl yi mrtdy `l` (`)-a enk weicia (a)
iyi` reaw lkle qgi oniq lkl ψ3,c-e ψ2,r l"pke dtya (inewn-n) divw
:didi yweand weqtd f` mixai` n oa `ed eply lcend m` zrk .dtya

∃x1...xn[
∧

1≤i<j≤n

xi 6≈ xj∧∀y
∨

1≤i≤n

y ≈ xi∧
∧
f∈L

ψ1,f∧
∧
r∈L

ψ2,r∧
∧
c∈L

ψ3,c]

1


